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Character sheaves and almost characters of finite Chevalley groups
(Toshiaki SHOJI)
1.
$F_{q}$ reductive G Frobenius $F$ : $Garrow$
$G$ $G$ $F$- $G^{F}$ ( $C$- )
1955 J. A. Green $GL_{n}(F_{q})$





Character sheaves $G$ simple perverse sheaf
Frobenius $F$ o F- character sheaf $A$ ( $A$





Lusztig Deligne-Lusztig virtual $G^{F_{-}}$ (\mbox{\boldmath $\theta$})
$C(G^{F}/\sim)$ ( $G^{F}$ almost character )
([4]) $\circ$ Almost character $G^{F}$ (parametrization)
$G^{F}$ almost char-
acter $G^{F}$ $G^{F}$








$G^{F}$ almost character character sheaf Lusztig
$F_{q}$ $P$
$l$
$\overline{Q}_{l}$ ( $l$- $Q_{l}$ $C$ )
2. ALMOST CHARACTERS
$TkG$ F-stable $k$ maximal $torus$ $\theta\in\hat{T}^{F}=Hom(T^{F},\overline{Q}_{l}^{*})$ $T^{F}$ linear character





$G^{F_{-}}$ $Q_{T}^{G}$ : $G_{u\dot{m}}^{F}arrow\overline{Q}_{l}$ ( $G$ $G^{F}$ unipotent )
$G^{F}$ Green Green $Q_{T}^{G}$ $\theta$ $R_{T}^{G}(\theta)$
$G$ rank reductive Green
$g=su=us$ $g\in G^{F}$ Jordan ( $s$ : $u$ : unipotent)
(2.1) $Tr(su, R_{T}^{G}(\theta))=|Z_{G}^{0}(s)^{F}|^{-1}$
$\sum_{x\in G,x^{-1}sx\in^{F}T^{F}}Q_{xTx^{-1}}^{Z_{G}^{0}(s)}(u)\theta(x^{-1}sx)$
$P$ $q$ Green $\text{ _{}J\triangleright}$
Green ( \S 3 )
$G^{F}$ almost character $G^{F}$ parametrization
$G^{*}$ $G$ $F_{q}$ dual group $\tau*$ $T$ F-stable dual
torus $\tau*\subset G^{*}$ $\hat{T}^{F}\simeq(T^{*})^{F}$ $\theta\in\hat{T}^{F}$ $(T^{*})^{F}$
( $(G^{*})^{F}$ ) $s$ $G^{*}$ F-stable $k$ semisimple class $\{s\}$ $\mathcal{E}(G^{F}, \{s\})$
$R_{T_{1}}^{G}(\theta_{1})$ $G^{F}$ $(T_{1}, \theta_{1})$ $\theta_{1}$ $s_{1}\in$
$(T_{1^{*}})^{F}$ class $\{s\}$ $\hat{G}^{F}$ $G^{F}$
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$\hat{G}^{F}$
(2.2) $\hat{G}^{F}=\prod_{\{s\}}\mathcal{E}(G^{F}, \{s\})$ (disjoint union)
$\{s\}$ $G^{*}$ F-stable semisimple class $s=1$
$\mathcal{E}(G^{F}, \{1\})$ unipotent character
$\mathcal{E}(G^{F}, \{s\})$ parametrization Lusztig [4] $G$
$F_{q}$ split ( $G^{F}$ Chevalley ) $G^{F}$ unipotent
character $\mathcal{E}(G^{F}, \{1\})$ $G$ Weyl $W$ $X(W)$
parameter set $X(W)$ family
family $\mathcal{F}$ $\Gamma$
$\mathcal{F}=\mathcal{F}_{\Gamma}=\{(y, \sigma)|y\in\Gamma,\sigma\in Z_{\Gamma}(y)^{\wedge}\}/conjugate$ .
$G$ $\Gamma$ $S_{3\text{ }}S_{4\text{ }}S_{5}$ $(Z/2Z)^{m}$
pairing $\{$ , $\}$ : $X(W)\cross X(W)arrow\overline{Q}_{l}$ $(y, \sigma)\in \mathcal{F},$ $(z, \tau)\in \mathcal{F}’$ $\mathcal{F}=\mathcal{F}’$




$\mathcal{F}\neq \mathcal{F}’$ $\{(y, \sigma), (z, \tau)\}=0$ $\{x, x’\}$
$(x, x’\in X(W))$
$x\in X(W)$ $G^{F}$ unipotent character $\rho_{x}$ $x\in X(W)$
$G^{F}$ $R_{x}$
(2.4)
$R_{x}= \sum_{x’\in X(W)}\{x, x’\}\rho_{x}$
( Es )pairing $\{$ , $\}$
$R_{x}$ $C(G^{F}/\sim)$ $R_{x}$ $R_{T}^{G}(\theta)$
parametrization $W^{\wedge}arrow\succ X(W)$ $\circ$
$E\in W$ $X(W)$ $x_{E}$ $R_{x_{E}}$ $\theta=1$
(2.5) $R_{x_{E}}=|W|^{-1} \sum_{w\in W}Tr(w, E)R_{T_{w}}^{G}(1)$
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maximal F-split torus $T_{0}$ $w$ twist $G$ F-
stable maximal torus $R_{T_{w}}^{G}(1)$ $w\in W$ $R_{x_{E}}$
$E\in W$ (2.4) (2.5) $R_{T_{w}}^{G}(1)$
$\mathcal{E}(G^{F}, \{s\})$
$R_{x}$ $\mathcal{E}(G^{F}, \{s\})$ $G^{F}$ almost character $G^{F}$ almost character
$C(G^{F}/\sim)$
$\theta\mapsto R_{T}^{G}(\theta)$ $R_{T}^{G}$ : $C(T^{F}/\sim)arrow C(G^{F}/\sim)$
( F-stable ) $G$ parabolic $P$ F-stable Levi
$L$ $R_{L}^{G}$ : $C(L^{F}/\sim)arrow C(G^{F}/\sim)$ $R_{L}^{G}$ twisted induction
twisted induction $R_{L}^{G}$ $L^{F}$ $G^{F}$ $P$
F-stable $R_{L}^{G}$ Harish-Chandra induction twisted
induction $R_{L}^{G}$ $G$
[1] $[12]$ $[13]$
$G^{F}$ almost character $R_{x}$ cuspidal $G$ Levi $L$ $R_{x}$
$R_{L}^{G}$ $L_{0}$ $G$ F-stable parabolic $P$ F-stable
Levi $L_{w}$ $w\in N_{G}(L_{0})/L_{0}$ twist F-stable Levi
$F$ $N_{G}(L_{0})/L_{0}$ $R_{0}$ $L_{0}^{F}$ $\mathcal{E}(L_{0}^{F}, \{1\})$
cuspidal almost character $L_{w}^{F}$ cuspidal almost character $R_{0,w}$ $R_{0}$
(2.6)
$R_{L_{w}}^{G}(R_{0,w})= \sum_{E\in(N_{G}(L_{\text{ }})/L_{0})^{A}}Tr(w, E)R_{E}$
$R_{E}$ $(N_{G}(L_{0})/L_{0})^{\wedge}carrow X(W)$ $G^{F}$ almost
character
3. CHARACTER SHEAVES
Character sheaf $G^{F}$ $F_{q}$-structure $C$
Lusztig [6]
character sheaf $G^{F}$ $F_{q}$
( $q$ “ ” ) character sheaf
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$\mathcal{D}G$ $G$ $l$ - $DG$ $K$ $l$-
$i$ cohomology sheaf $\mathcal{H}^{i}K$ $x\in G$ stalk $\mathcal{H}_{x}^{i}K$ $\mathcal{M}G$
perverse sheaf D$G$ full subcategory o $\mathcal{M}G$ Noether Artin
$\mathcal{M}G$ ( $G$ ) G- perverse sheaf
character sheaf $G$ G- simple perverse sheaf
$T$ $G$ maximal $torus$ $B=UT$ $T$ $G$ Borel
( $U$ $B$ unipotent radical) $w\in W$ $\dot{w}\in N_{G}(T)$
$Tarrow\alpha\{(g, xB)\in G\cross G/B|x^{-1}gx\in B\dot{w}B\}arrow\pi G$
$\alpha$ $(g, xB)$ $x^{-1}gx\in B\dot{w}B=U\dot{w}$TU T-part $\pi$
$S(T)$ $T$ tame local system $\mathcal{L}$ ( $n;(n,p)=1$ $\mathcal{L}^{\otimes n}\simeq\overline{Q}_{l}$
(constant sheaf) 1 local system ) $w^{*}\mathcal{L}\simeq \mathcal{L}$ ( $w^{*}\mathcal{L}$
$w:Tarrow T$ $\mathcal{L}$ ) $\mathcal{L}\in S(T)$ $K_{\dot{w}}=\pi_{!}\alpha^{*}\mathcal{L}\in DG$ $K_{\dot{w}}$
$G$ perverse sheaf $K_{\dot{w}}$ $i$ -th perverse cohomology $pH^{i}(K_{\dot{w}})\in \mathcal{M}G$
$i$ $\dot{w}$ $pH^{i}(K$ simple perverse sheaf $\hat{G}_{\mathcal{L}}$
$\hat{G}=\cup\hat{G}c(\mathcal{L}\in S(T))$ $\hat{G}$ character sheaf o $\mathcal{L}$ $\mathcal{L}’$ $W$
$\hat{G}_{\mathcal{L}}$ $\hat{G}_{\mathcal{L}’}$ disjoint
$G$ $F_{q}-structure$ $F$ : $Garrow G$ $K$ $F^{*}K$ $K$
$K\in DG$ F-stable F-stable $K\in DG$
$\varphi$ : $F^{*}K\simeq K$ $\varphi$ cohomology sheaf $F^{*}\mathcal{H}^{i}K\simeq H^{i}K$
$x\in G^{F}$ stalk $\varphi_{x}$ : $\mathcal{H}_{x}^{i}K\simeq \mathcal{H}_{x}^{i}K$ $K$
$\chi_{K,\varphi}$ : $G^{F}arrow\overline{Q}_{l}$
$\chi_{K,\varphi}(x)=\sum_{i}(-1)^{i}Tr(\varphi_{x}, \mathcal{H}_{x}^{i}K)$
$K$ G- perverse sheaf $\chi_{K,\varphi}$ $G^{F}$
$\hat{G}_{F}=\{A\in\hat{G}|F^{*}A\simeq A\}$
$G$ F-stable character sheaf Lusztig
$p$ reductive $G$ almost good $G$ $H$ $H$
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$P$
$H$ $P$ $H$ good
character sheaf Lusztig ([6])
3.1 (Lusztig ). $p$ $G$ almost good
(i) Character sheaf $\hat{G}$
(ii) $A\in\hat{G}_{F}$ $\varphi_{A}$ : $F^{*}A\simeq A$ $\{\chi_{A,\varphi A}|A\in\hat{G}_{F}\}$ $C(G^{F}/\sim)$
( $A$ $\mathcal{M}G$ simple object $\varphi_{A}$
)
(iii) $\chi_{A,\varphi_{A}}$
$G^{F}$ almost character character sheaf
character sheaf $\hat{G}$ cuspidal cuspidal character sheaf
Harish-Chandra induction $G$ parabolic
$P$ Levi $L$ induction $ind_{P}^{G}$
$Larrow\alpha V_{1}arrow\beta V_{2}arrow\pi G$ .
$V_{1}=\{(g,x)\in G\cross G|x^{-1}gx\in P\}$ ,
$V_{2}=\{(g,xP)\in G\cross G/P|x^{-1}gx\in P\}$ ,
$\alpha$ $(g, x)$ }$arrow x^{-1}gx\in P$ $L$ ^ $\beta$ $(g, x)\mapsto(g, xP)$ $\pi$
$L$ L- perverse sheaf $K_{0}$ $\alpha^{*}K_{0}\simeq\beta^{*}K_{1}$ (uP to shift) $K_{1}\in$
$\mathcal{M}$ $K=\pi_{t}K_{1}$ $K\in \mathcal{M}G$ $K=ind_{p}^{G}K_{0}$ $K_{0}$
$ind_{P}^{G}$ functor $(\mathcal{M}L)_{L}arrow DG$ $((\mathcal{M}L)_{L}$
$L$ L- perverse sheaf ) $A\in\hat{L}$ $ind_{P}^{G}A$ $G$ semisimple
perverse sheaf $\hat{G}$ $A\in\hat{L}$ cuspidal
\mbox{\boldmath $\tau$} $K=ind_{P}^{G}A$ endomorphism algebra $End_{\mathcal{M}G}K$ $N_{G}(L)/L$
$\mathcal{W}$ twisted $\overline{Q}_{l}[\mathcal{W}|_{t}$ $G$ twisting
$End_{\Lambda 4G}K\simeq\overline{Q}_{l}[\mathcal{W}|$ $F_{q}$ -structure $L$ F-stable Levi
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$A\in\hat{L}_{F}$
$\varphi_{A}$ : $F^{*}A\simeq A$ $K=ind_{P}^{G}A$
$\varphi$ : $F^{*}K\simeq K$ $\chi_{A,\varphi_{A}}rightarrow\chi_{K,\varphi}$ $C(L^{F}/\sim)arrow C(G^{F}/\sim)$
induction $P$ F-stable
$A\in\hat{L}$ cuspidal $P$ F-stable
$L=T$ $\mathcal{L}\in S(T)^{F}$ (F-stable tame local system) $\varphi 0$ : $F^{*}\mathcal{L}\simeq \mathcal{L}$
$e$ stalk $\mathcal{L}_{e}$ $\Psi 0$ $\mathcal{L}$ shift
$\mathcal{L}[\dim T]\in DT$ $T$ (cuspidal ) character sheaf induction
$K_{\mathcal{L},T}=ind_{B}^{G}(\mathcal{L}[\dim T])$ ( $B$ $T$ F-stable Borel
) $\varphi_{0}$ : $F^{*}\mathcal{L}\simeq \mathcal{L}$ $G^{F}$ $\chi_{K_{\mathcal{L},T}}$ ( $\varphi$




$G^{F_{-}}$ $\tilde{Q}_{T}^{G}$ : $G_{uni}^{F}arrow\overline{Q}_{l}$ $\tilde{Q}_{T}^{G}$ character sheaf
Green $\chi_{K_{L,T}}$ $\tilde{Q}_{T}^{G}$ (2.1)
Green $\tilde{Q}_{T}^{G}$ Weyl unipotent
Springer ([6] $[11]$ $[15]_{\text{ }}$ ) \S 2 Green $Q_{T}^{G}$
$p$ $q$ Kazhdan Springer






$L$ cuspidal character sheaf $A_{0}\in$
$\hat{L}_{F}$ $K=ind_{P}^{G}A_{0}$
$\chi_{K,\varphi}$ generalized Green (2.1)
generalized Green ([6]) $K$




$\mathcal{L}\in S(T)^{F}$ $\chi_{\varphi_{0}},c\in\hat{T}^{F}$ $G^{*}$ F-stable semisimple class $\{s\}$
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$S(T)^{F}$ W-orbit $G^{*}$ F-stable semisimple class 1 1 $\circ$
$\hat{G}c$ $F$ $(\hat{G}c)_{F}$ F-stable character sheaf $(\hat{G}c)_{F}$
$\mathcal{E}(G^{F}, \{s\})$ almost character parameter set $X(G, \{s\})$
(Lusztig) $s\in G^{*F}$ $\mathcal{L}\in S(T)^{F}$
$X(G, \{s\})\simeq(\hat{G}_{\mathcal{L}})_{F}$
(4.1) $\chi_{A_{x},\varphi_{x}}=\xi_{x}R_{x}$ $(x\in X(G, \{s\}))$
$A_{x}$ $x\in X(G, \{s\})$ $(\hat{G}_{\mathcal{L}})_{F}$ $\varphi_{x}$ $F^{*}A_{x}\simeq$
$A_{x\text{ }}\xi_{x}\in$
$\varphi_{x}$ 1
4.1. $G$ reductive $P$ $G$ almost good
$Q_{T}^{G}=(-1)^{\dim T}\tilde{Q}_{T}^{G}$ .




4.3. $G^{F}=SO_{2n+1}(F_{q})$ $p$ : $\varphi_{x}$ : $F^{*}A_{x}\simeq A_{x}$
$\xi_{x}=1$ $G^{F}$
Lusztig ([8])
4.4 (Lusztig). $G$ reductive ( )
(i) $q$ ( $p$ )
$Q_{T}^{G}=(-1)^{\dim T}\tilde{Q}_{T}^{G}$ .
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(ii) $p$ almost $good$ $q$ $L$ F-stable Levi $A\in$
$\hat{L}_{F}$ cuspidal character sheaf \mbox{\boldmath $\tau$} $\varphi 0$ : $F^{*}\simeq A$ o $K=ind_{P}^{G}A$
$\varphi$ : $F^{*}K\simeq K$
$\chi_{K,\varphi}=(-1)^{c}R_{L}^{G}(\chi_{A,\varphi\text{ }})$
$c=\dim suppA$
4.1 4.4 (i) specialization
42 character sheaf twisted induction
\S 2 character sheaf induction $ind_{B}^{G}$ $B$
$BwB$ indPG induction
$P$ double coset $PwP$ induction $ind_{PwP}^{G}$ $w\in$
$N_{G}(L)/L$ $\dot{w}\in N_{G}(L)$ $\dot{w}(B\cap L)=B\cap L$ $ind_{P}^{G}$
$A\in\hat{L}$ $K=ind_{PwP}^{G}A\in \mathcal{D}G$ $\mathcal{M}G$
character sheaf $pH^{i}K$ $\hat{G}$
$\hat{L}$ character sheaf $L$ $w$ twist $l$.
$l$ : $x\vdasharrow\dot{w}^{-1}l\dot{w}$ $x\cdot l^{-1},$ $Larrow L$ character sheaf $\hat{L}^{\dot{w}}$ $\dot{w}$
$L$ graph automorphism $\tau$ $L$ $<\tau>$
$L<\tau>$ [ $7|$ character sheaf $\hat{L}^{\tau}$
$L$ graph automorphism $\hat{L}^{\dot{w}}$ $\hat{L}$ 42
$F_{q}$ -structure $ind_{P}^{G}$ F-stable Levi
$L=L_{w}$ twisted induction $R_{L}^{G}$ $[1]$ $[12]$ $[1_{-}3]$
$F_{q^{m}}$ Harish-Chandra induction $Ind_{P^{pm}}^{G^{F^{m}}}\delta(\delta$ $L^{F^{m}}$ cuspidal
) Hecke $T_{w}$ Frobenius map $F$ twist (Shi-
tani descent identity) $P$ F-stable $ind_{PwP}^{G}A$
$G^{F}$ Harish-Chandra induction $Ind_{P^{F}}^{G^{F}}\delta_{1}$ ( $\delta_{1}$ $L^{F}$ )
Hecke $T_{w}$ twist trace $\delta\in \mathcal{E}(L^{F}, \{s\})$
$L^{F}$ cuspidal $Ind_{P^{F}}^{G^{F}}\delta$ $G^{F}$ $\rho$
(4.2) $\rho=\sum_{A}c_{A}\chi_{A,\varphi A}$
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$\mathcal{L}\in S(T)^{F}$ $s\in G^{*}$ tame local system $A$
$(\hat{G}c)_{F}$
42 $G$ $q$





$q$ (4.2) $F$ $F^{m}$ parametriza-
tion (4.2) $c_{A}$ $q$ $c_{A}(q)$ $q\gg 0$
(4.2) $\rho$ almost character $c_{A}$ $q$




$\hat{G}_{\mathcal{L}}$ cuspidal sheaf \langle $\mathcal{L}=\overline{Q}_{l}$ $F_{4}$
7 $G_{2}$ 4 ) $G^{F}$ twisting operator
$x\in G^{F}$ Y Lang $x=\alpha^{-1}F(\alpha)$ $\alpha\in G$
$\hat{x}=F(\alpha)\alpha^{-1}$ $\hat{x}\in G^{F}$ $x\mapsto\hat{x}$ $G^{F}$
$t_{1}^{*}:$ $C(G^{F}/\sim)arrow C(G^{F}/\sim)$ $G^{F}$ twisting operator
twisting operator $[1]$ $[13]$ $[14]$
4.5. $G$ reductive $G^{F}$ almost character $R_{x}$ $t_{1}^{*}$
$G^{F}$ [1] $R_{x\text{ }}(x\in X(G^{F}, \{1\})$
$G=$ cuspidal almost character 7
$1$ $1$ $-1$ $\theta$ $\theta^{2\text{ }}i$ $-i$ $\theta$ 1 3
$i=\sqrt{-1}$ $G$ character sheaf
4.6. $G$ reductive $A\in\hat{G}_{F}$ $\chi_{A,\varphi A}$ $t_{1}^{*}$
$A$ cuspidal $\chi_{A,\varphi A}$
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45 46 cuspidal character sheaf $A$
$G=F_{4}$ 4.5 $C(G^{F}/\sim)$ $\theta$ $\theta^{2}$ $i$ $-i$
$t_{1}^{*}$ 1 $\chi_{A,\varphi A}$
$F_{4\text{ }}G_{2}$ 4.2
(i). $G$ $D_{n\text{ }}E_{6\text{ }}E_{7\text{ }}$ Es
character sheaf twisted induction
$G<\tau>$ character sheaf $G<\tau>F$ almost
character $G<\tau>$ character sheaf [ $7|$
$G<\tau>F$ Deligne-Lusztig Digne-Michel [2]
$G$
(ii). Lusztig [10] [3] generalized Gelfand-Greav
unipotent support [9] ( Lie
) $p$ $q$ reductive $G$ cuspidal character sheaf
(4.1) $R_{L}^{G}$
$p$ almost good character sheaf [6] char-
acter sheaf $p$ almost
good $(\Sigma, \mathcal{E})$ Levi $L$ cuspidal pair ( [5]
) cuspidal complex $IC(\Sigma, \mathcal{E})[\dim\Sigma]$ $ind_{p}^{G}$ sim-
ple perverse sheaf admissible complex $L$ cuspidal pair
admissible complex $\mathcal{A}(G)$ $\hat{G}\subset \mathcal{A}(G)$ $P$
almost good [$6|$ $G$ cuspidal
complex $A=IC(\Sigma, \mathcal{E})[\dim\Sigma]$ $\overline{\Sigma}$ support $A$ $\overline{\Sigma}-\Sigma$ $0$ $A$
clean cuspidal complex $G$ Levi cuspidal complex clean
$G$ clean $G$ clean $\hat{G}$ $\chi_{A,\varphi A}$
$p$ almost good $G$ clean $p$ bad
unipotent elements support cuspidal character
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sheaf ($p$ :
bad ) $G^{F}$ twisting operator
47. $G$ $G_{2\text{ }}p=2$ $p=3$
(i) $\mathcal{A}(G)=\hat{G}$ .
(ii) $G$ $p=2$ $G$ clean $p$ : good
$\hat{G}$ $\hat{G}_{F}$
(iii) $G$ $p=2$ $\hat{G}$ ( ) $A_{0}$
cuspidal character sheaf clean $0$ ( $G\neq L$ $L$ clean
) $A_{0}=IC(C, \mathcal{E})[\dim C],$ $C$ $F_{4}(a_{2})$ $G$ unipo-
tent class \chi A \chi A $\chi_{A_{0}}’=\chi_{A\text{ }}|C(C$
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